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Abstract. The distorted wave Born approximation (DWBA) with the spin averaged static exchange po-
tential has been used to calculate the triple differential cross-sections (TDCSs) for Ne (2s2) ionization
by electron impact in coplanar to perpendicular plane symmetric geometry at 110.5 eV incident electron
energy. The present theoretical results at gun angles Ψ = 0◦ (coplanar symmetric geometry) and Ψ = 90◦

(perpendicular plane geometry) are in satisfactory agreement with the available experimental data. A deep
interference minimum appears in the TDCS in the coplanar symmetric geometry and a strong peak at scat-
tering angle ξ = 90◦ caused by the single collision mechanism has been observed in the perpendicular plane
geometry. The TDCSs at the gun angles Ψ = 30◦, and Ψ = 60◦ are predicted.

PACS. 34.80.Gs Molecular excitation and ionization by electron impact – 34.80.Dp Atomic excitation
and ionization by electron impact

1 Introduction

The inner shell ionization of atoms, ions and molecules
by electron impact is important in electron momentum
spectroscopy, Auger electron spectroscopy, electron energy
loss spectroscopy and other fields. The first measurement
of (e, 2e) TDCS for inner shell ionization of Ar (2p) was
made by Lahmam-Bennani et al. [1], which employed in-
cident electron energy of 8399 eV and ejected electron en-
ergy of 150 eV. The scattering angles were chosen as 1◦,
1.25◦, 4◦ and 7◦. They found a strong recoil peak at all
scattering angles, even stronger than binary one at small
scattering angles. Measurement on Ar (2p) was also made
by Stefani et al. [2] for the incident energy of 8031.5 eV
and ejected electron energy of 7 eV. The scattering angle
was kept at 1.5◦. They observed a large binary peak in the
direction of momentum transfer and a recoil peak opposite
to it. Measurements on Ar (2p) have been extended to the
lower energies of 2–3 keV as well as to the larger momen-
tum transfers (Bickert and Hink [3], Bickert et al. [4–6],
Bickert [7]). Lohmann and Cavanagh [8] performed the
experiment on Ar (2p) at even lower energy of 1249 eV.
The characteristic feature of the TDCSs measured in the
above mentioned inner-shell ionization studies is the dom-
inant recoil peak. The cylindrical symmetry of the TDCSs
about the direction of the momentum transfer, which was
observed at high incident energies, was not observed at
low incident energies. The deviations from the cylindrical
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symmetry were exhibited by Lohmann and Cavanagh [8]:
both binary and recoil peaks were shifted towards larger
angles.

The plane wave Born and impulse approximations
were used in most of the calculations of the inner shell ion-
ization cross-sections. These were completely inadequate
to describe the Ar (2p) experiments, as the plane wave
approximations only considered incident electron-target
electron interaction. For example, almost no recoil lobe
was obtained, which was very large in the experiments.
Brothers and Bonham [9] employed the frozen-core factor-
ized plane-wave first-Born approximation to calculate the
TDCS of Ar (2p). The ejected electron was described by a
Coulomb wavefunction and the target ground state was
described by Clementi-type analytic Hartree-Fock one-
electron wavefunction. The final state wavefunction was
made both non-orthogonal and orthogonal to the initial
state wavefunction, and the effective charge seen by the
ejected electron was adjusted to match the theoretical
TDCS with the experimental one at the maximum of the
binary lobe. Brothers and Bonham concluded that their
description of the ejected electron wavefunction was in-
adequate, because the distortion of the ejected electron
wave was not explicitly involved. Grum-Grzhimailo [10] re-
ported the results using first Born approximation (FBA).
The distortion of the ejected electron wavefunction was
taken into account more accurately by using the Hartree-
Slater wavefunctions for the discrete state and the con-
tinuum. This theory reproduced better the recoil peak,
still with a large discrepancy in the binary lobe at small
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scattering angles. This discrepancy could be attributed to
the lack of accuracy of Hartree-Slater model.

Botero and Macek [11] calculated the TDCS of C (1s2)
using Coulomb-Born approximation. They neglected the
final state correlation between scattered and ejected elec-
trons. Nath et al. [12] included this correlation by choos-
ing the final state as the product of three Coulomb wave
functions of Brauner, Briggs, and Klar (BBK) [13]. Zhang
et al. [14] nicely explained the measurements made by
Bickert [7] by using the distorted wave Born approxima-
tion (DWBA).

Recently Murray and Read [15] performed an exper-
iment on the Ne (2s2) at gun angles of Ψ = 0◦, 42◦,
90◦. The incident electron energy was 110.5 eV and the
two outgoing electrons were detected with equal energy
of 31 eV. For Ψ = 42◦, they compared their experimental
result with the theoretical result of Rasch et al. [16]. Rasch
et al. [16] used the DWBA including the post-collisional
interaction (PCI) in the final state. The distorted-wave for
the incident electron was generated in the static-exchange
potential of the atom and the distorted-waves for the out-
going electrons were each generated in the static-exchange
potential of the ion.

In the present paper, the theoretical TDCSs for elec-
tron impact ionization of Ne (2s2) are calculated in the
DWBA for the incident electron energy of 110.5 eV in sym-
metric geometry at gun angles Ψ = 0◦ (coplanar geome-
try), 30◦, 42◦, 60◦, 90◦ (perpendicular plane geometry).
The present results are compared with the experimental
results of Murray and Read [15] and the theoretical result
of Rasch et al. [16].

2 Theory

The TDCS is the measurement of the probability of the
(e, 2e) reaction that an incident electron of energy E0

and momentum k0 colliding with the target produces two
electrons (ejected and scattered) with energies E1, E2 and
momenta k1, k2 satisfying the energy relation:

E0 = E1 + E2 + ε (1)

where ε is the ionization potential of the target.
The triple differential cross-section is given in atomic

units as:

d3σ

dΩ1dΩ2dE1
= Mee(2π)4

k1k2

k0

∑
av

(|f |2 + |g|2 − Re(f∗g)
)

(2)
where

f ≡
〈
χ(−)(k1, r1)χ(−)(k2, r2)|V12|χ(+)(k0, r1)ψnl

〉
, (3a)

g ≡
〈
χ(−)(k1, r2)χ(−)(k2, r1)|V12|χ(+)(k0, r1)ψnl

〉
, (3b)

∑
av represents sum over final and average over initial

magnetic and spin degeneracy. r1 and r2 are the coor-
dinates of the outgoing electrons. The Gamov factor Mee,
same as the Gamov factor of Rasch et al. [16], takes into

Fig. 1. The (e, 2e) geometry employed in present calculation.

account the PCI. V12 = 1/|r1 − r2| is the interaction po-
tential between the incident and target electrons respon-
sible for the ionization. ψnl represents the nl orbital of
the target atom. χ(+) is the distorted wave for the in-
cident electron generated in the equivalent local ground
state potential for the incident electron and χ(−) denote
the distorted waves for the outgoing electrons generated
in the equivalent local ground state potential of outgoing
electrons. χ(+) and χ(−) are both orthogonalized to ψnl.
The partial wave expansion for the distorted waves and
the multipole expansion for the interaction potential V12

have been considered in detail by McCarthy [17]. The spin
averaged static exchange potential with the exchange po-
tential taken in the equivalent local approximation [18] is
given as

VE(r) = 0.5
(
E0 + VD(r) − {

[E0 + VD(r)]2 − 2πρ(r)
} 1

2
)

(4)
where ρ(r) is the electron density. The direct distorting
potential VD(r) for the incident electron is obtained from
the target-atom radial orbitals unl(r) [17] as

VD(r) =
∑
nl

Nnl

∫
dr′[unl(r′)]2/r〉, (5)

where r〉 is the greater of r and r′, Nnl is the number of
electrons in each orbital nl. For the outgoing electrons,
direct distorting potential VD(r) is obtained from the ion
radial orbitals. The equivalent local ground state poten-
tial V00 (i.e. distorting potential) is the sum of exchange
and direct potentials:

V00 = VD(r) + VE(r). (6)

The orbital ψnl in equation (3) is taken from the Hartree-
Fock wavefunction given by Clementi and Roetti [19]. The
parameters such as the maximum orbital angular mo-
menta in the partial wave expansions (55 partial waves for
the incident electron, 50 partial waves for slower outgoing
electron and 45 partial waves for fast outgoing electron)
and mesh size of the integration have been optimized in
order to satisfactorily converge the cross-sections.

The geometry of the process, similar to [15], is shown in
Figure 1. The two outgoing electrons having momenta k1

and k2 define the detection plane. The gun angle Ψ is de-
fined as the angle between the detection plane and the
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Fig. 2. TDCSs for the Ne (2s2) ionization at 110.5 eV incident
energy in the coplanar symmetric geometry. Dotted line rep-
resents the present unconvoluted results, solid line represents
the convoluted results and dots denote the experimental data
from [15].

direction of the incident electron beam. The scattering
angles ξ1 and ξ2 are the angles between the momenta of
outgoing electrons and the projection of the incident elec-
tron momentum onto the detection plane. For symmetric
geometry ξ1 = ξ2 = ξ, |k1| = |k2|. For coplanar geometry
Ψ = 0◦, while for perpendicular plane geometry Ψ = 90◦.

3 Results

The present results at Ψ = 0◦, 30◦, 42◦, 60◦, 90◦ are
shown in Figures 2–5, 8, 9. The results at Ψ = 0◦, 42◦,
90◦ are convoluted with Gaussian angular profile of ±4.5◦
and shown along with the experimental results of Murray
and Read [15]. According to [20–22] there exists a com-
mon point in the cross-sections at ξ = 90◦, so the present
theoretical TDCSs at Ψ = 0◦ and Ψ = 90◦ have been nor-
malized at this point. At all gun angles, the magnitude of
the TDCSs (before the normalization) with the PCI taken
into account is smaller than without including the PCI.

The theoretical results at Ψ = 0◦ are shown in Fig-
ure 2. After the normalization the TDCSs with and with-
out including the PCI are indistinguishable. They are
in good agreement with the experimental data between
ξ = 90◦ and ξ = 130◦, but some discrepancies remain
at smaller scattering angles. There exists a deep mini-
mum in the cross-section curve at ξ = 110◦. The posi-
tion and the relative magnitude of this minimum are in
satisfactory agreement with the experimental data. The
minimum in the theoretical curve becomes shallower af-
ter the convolution and matches the experimental results
better. In case of e−He, Murray and Read [21] have ex-
plained that the minimum in the TDCS is due to the
almost complete cancellation of all contributing scatter-
ing amplitudes. Furthermore, Khajuria and Tripathi [20]
have shown for He that the deep minimum is due to the

Fig. 3. TDCSs at 110.5 eV incident electron energy in copla-
nar symmetric geometry in the region of the deep minimum.
Calculations with different distorting potentials are presented:
(—�—) the distorting potential without electron-nucleus in-
teraction, (—•—) the distorting potential without electron-
passive electron interaction, (—�—) the distorting potential
without electron-nucleus and electron-passive electron interac-
tions and (—�—) the full distorting potential.

strong interference effect between the incoming and outgo-
ing wavefunctions and disappears when switching off any
component of the distorting potential (the equivalent local
ground state potential). The TDCSs in the region of the
deep minimum between ξ = 100◦ and ξ = 116◦ are shown
in Figure 3. The TDCSs are calculated by switching off one
of the following interactions from the distorting potential
V00 = VD(r) + VE(r) at a time: (i) electron-nucleus inter-
action, (ii) electron-passive electrons interaction (passive
electrons are residual electrons of the target except the
ionized electron), (iii) both electron-nucleus interaction
and electron-passive interaction. It can be seen from Fig-
ure 3 that only the TDCS obtained with the full distort-
ing potential V00 gives the minimum, whereas switching
off any of the components in the distorting potential V00

smoothes the cross-section curve. It clearly indicates that
in case of Ne (2s2) the minimum is due to the strong in-
terference between the different scattering wavefunctions
constituting the total scattering wavefunction.

The theoretical TDCSs for the gun angle of Ψ = 42◦
shown in Figure 4 are normalized at ξ = 35◦ similar to
Murray and Read [15]. There is a little difference between
the shape of the TDCSs with and without the PCI. The
result with the PCI is better than without it compared
with the experiment, so only the convoluted curve with the
PCI included is shown. There are two minima at ξ = 50◦
and ξ = 100◦ in our theoretical curves. Also two minima
occur at ξ = 54◦ and ξ = 115◦ in experimental TDCS
of Murray and Read [15] and at ξ = 51◦ and ξ = 105◦
in convoluted theoretical TDCS of Rasch et al. [16]. The
positions of the first minimum for the three results are
in agreement with each other, while the positions of the
second minimum differ a little.
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Fig. 4. TDCSs for the Ne (2s2) ionization at 110.5 eV incident
energy for gun angle Ψ = 42◦. Dashed line represents the un-
convoluted result with the PCI. The dotted line represents the
unconvoluted result without the PCI. (—o—) represents the
convoluted result with the PCI. The solid line represents
the convoluted theoretical result of Rasch et al. [16]. Exper-
imental data are taken from [15].

 
Fig. 5. Same as Figure 2, but for perpendicular plane
geometry.

The TDCS at the gun angle of Ψ = 90◦ is shown in
Figure 5. The TDCSs with and without the PCI included
are indistinguishable after the normalization. Our theo-
retical TDCS shows a broad maximum at ξ = 90◦, while
the experimental data show a peak at ξ = 90◦ and two
side peaks at ξ = 50◦ and ξ = 130◦. The peak at ξ = 50◦
is equivalent to the peak at ξ = 130◦, because the TDCS
is symmetric about ξ = 90◦ in the perpendicular plane
geometry. Zhang et al. [23] have reported two peaks in
the TDCS of He at ξ = 45◦ and ξ = 90◦ at perpendic-
ular plane geometry. The peak at ξ = 45◦, as pointed
out by Byron et al. [24], is caused by the double scatter-
ing mechanism and the peak at ξ = 90◦ is due to the
single scattering mechanism. Within the single scattering
mechanism, when the incident electron with the momen-

Fig. 6. Kinematic scheme for single collision mechanism.

Fig. 7. Momentum distribution of the 2s-electron in Ne.

tum k0 collides with the target electron with the momen-
tum p = p‖ + p⊥ (Fig. 6), p⊥ + k0 = 0 and p‖ = k1 + k2,
provided the outgoing electrons emerge in the plane per-
pendicular to the incident electron beam. For s-electron,
like in He (1s2) and Ne (2s2), the momentum distribution
(spherically averaged momentum density) peaks at p = 0
(p is the absolute value of the electron momentum) and
decreases rapidly as p increases as shown in Figure 7. Thus
the most likely value of p‖ is zero (since p2 = p2

‖ +k2
0) and

the outgoing electrons will be ejected most probably in
opposite directions (ξ = 90◦) in the perpendicular plane.
For the double collision mechanism, first the incident elec-
tron elastically scatters from the target (essentially from
nucleus) through 90◦, then by the second momentum and
energy conserving collision the target electron is ionized
with both of the electrons emerging in the perpendicular
plane and at 90◦ to each other. Zhang et al. [23] have calcu-
lated the TDCS of He in the perpendicular plane geometry
at different incident electron energies. They have noticed
that for He at sufficient low incident electron energies the
peak at ξ = 90◦ dominates over the peak at ξ = 45◦, but
with increasing of the incident electron energy, the peak
at ξ = 45◦ gradually dominates over the peak at ξ = 90◦.

According to the above discussion, the peak at ξ = 90◦
observed by Murray and Read [15] is due to the single scat-
tering mechanism and the two side peaks at ξ = 50◦ and
ξ = 130◦ are due to the double scattering mechanism. The
present calculation only reproduces the peak at ξ = 90◦.
The possible reason is that the interaction between inci-
dent electron and nucleus is not included in the interaction
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Fig. 8. Our calculated triple differential cross-sections of
Ne (2s2) at 110.5 eV incident energy at Ψ = 30◦. Dotted line
represents the result with the PCI and solid line represents the
result without the PCI.

Fig. 9. Same as Figure 8, but for Ψ = 60◦.

potential V12 in equations (3a, 3b), but for inner shell ion-
ization of the heavy atom, especially in double scattering
process, the interaction potential between incident elec-
tron and nucleus is very important since the ionization
process takes place relatively close to the nucleus.

Calculated TDCSs for the gun angles of Ψ = 30◦ and
Ψ = 60◦ are shown in Figures 8 and 9. Including the PCI
makes the cross-sections substantially smaller. There is
a little difference between the shapes of both TDCSs at
Ψ = 30◦, while the shape of both TDCSs at Ψ = 60◦ is
almost the same. There is one minimum at ξ = 100◦ for
Ψ = 30◦ and two minima at ξ = 30◦ and ξ = 115◦ for
Ψ = 60◦. The minimum at ξ = 30◦ is deeper than the
minimum at ξ = 115◦.

Finally, we come to the following conclusions:

(i) DWBA with the spin averaged static exchange poten-
tial is very successful in explaining the deep minimum
in (e, 2e) TDCS of Ne (2s2) in coplanar symmetric
geometry;

(ii) the above version of DWBA is successful in predict-
ing the first minimum of the TDCS for the gun angle
of Ψ = 42◦, but shows some discrepancies with exper-
imental data in predicting the position of the second
minimum. The reasons of quantitative difference be-
tween our results and the results of Rasch et al. [16],
who used the similar DWBA methods, remain un-
clear;

(iii) the present theory is successful in reproducing the
peak at ξ = 90◦ in perpendicular geometry caused by
the single scattering mechanism, but fails to predict
the peaks at ξ = 50◦ and ξ = 130◦ caused by double
collision mechanism [23]. The possible reason is that
the interaction between incident electron and nucleus
was not included in the interaction potential V12 in
equations (3a, 3b);

(iv) the present calculations predict one minimum in the
TDCS for the gun angle Ψ = 30◦ and two minima for
the gun angle Ψ = 60◦;

(v) at all gun angles, the positions of the minima of the
TDCSs are almost unaffected by inclusion of the PCI,
while the value of the TDCS decreases. The shape of
the TDCSs with and without the PCI is almost sim-
ilar at all gun angles except at Ψ = 30◦ and Ψ = 42◦;

(vi) further studies are needed to explain remaining
discrepancies between theoretical and experimental
TDCSs.
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